Abstract. We assume that dark matter is comprised of axion-like particles (ALPs) generated by the realignment mechanism in the post-inflationary scenario. This leads to isocurvature fluctuations with an amplitude of order one for scales comparable to the horizon at the time when the ALP field starts oscillating. The power spectrum of these fluctuations is flat for small wave numbers, extending to scales relevant for cosmological observables. Denoting the relative isocurvature amplitude at k * = 0.05 Mpc −1 by f iso , Planck observations of the cosmic microwave background (CMB) yield f iso < 0.31 at the 2σ-level. This excludes the hypothesis of post-inflationary ALP dark matter with masses m a < 10 −20 -10 −16 eV, where the range is due to details of the ALP mass-temperature dependence. Future CMB stage IV and 21-cm intensity mapping experiments may improve these limits by 1-2 orders of magnitude in m a .
Introduction
Over the last decades, the increasing wealth of astronomical data has firmly established the standard cosmological paradigm where the observed cosmic structure has formed out of small perturbations in the primordial energy-matter density field and their subsequent growth due to gravitational interaction. Interpreted within general relativity (GR), the gathered evidence for a mass deficit of visible matter on astrophysical and cosmological scales [1, 2] as well as strong indications for an accelerated expansion of the Universe [3] [4] [5] have led to the now widely accepted cold dark matter (DM) model with a cosmological constant, usually denoted as the ΛCDM model [e.g., 6 ]. Originally invoked to explain the observed dynamics of galaxies within the Coma cluster [7, 8] , DM remains merely a postulate of the cosmological model and its true nature is unarguably one of the largest puzzles in modern physics.
A well-motivated particle physics candidate for DM is the axion [9] [10] [11] [12] which appears as a pseudo-Nambu-Goldstone boson (PNGB) in the Peccei-Quinn (PQ) solution to the strong CP problem [13] . Their solution introduces a new global chiral U (1) symmetry that gets spontaneously broken at some energy scale f a by the vacuum expectation value of a complex scalar field. The axion then emerges as the phase degree of freedom of this complex scalar. To satisfy current experimental bounds, f a can be assumed very large. This gives the axion very weak interactions and an extremely small mass [14] [15] [16] [17] . There exist many other highenergy extensions of the standard model that also contain PNGBs sharing properties similar to those of the axion. These are commonly referred to as axion-like particles (ALPs) [18] [19] [20] .
Despite their low masses, axions and ALPs can effectively mimic the properties of a (cold) DM component, thanks to the possibility of non-thermal production via the vacuum realignment mechanism [21] [22] [23] [24] . At early times when the temperature T ∼ f a , the axion (or ALP) field is essentially massless. Since no specific field value is energetically favoured in this case, it simply takes a random one. At lower temperatures around the QCD phase transition, however, its potential becomes important, causing the axion field to roll down to the CP conserving minimum and, therefore, realign with the vacuum. The energy stored in the coherent oscillations around this minimum then largely behaves like collisionless DM on cosmologically relevant scales. Considering the QCD axion, a typical mass suitable to explain the observed DM density is m a ∼ 10 −5 eV [25] [26] [27] . For ALPs, there is substantially more freedom in the allowed mass range which may extend to much smaller values [e.g. 19] .
There exist two fundamentally different scenarios depending on how the vacuum realignment mechanism is realized in the early Universe. If the PQ symmetry is broken before (or during) an inflationary epoch, the axion (or ALP) field takes a single value in the whole observable Universe that sets its energy density in an evenly distributed manner. However, if PQ symmetry breaking happens after the end of inflation, the situation becomes more involved. In this case, the axion field generally takes different values in causally disconnected regions, giving rise to large isocurvature fluctuations in the axion energy density field. This has interesting phenomenological consequences for axion DM, in particular the formation of gravitationally bound objects known as miniclusters [28] [29] [30] [31] [32] [33] [34] [35] .
In contrast to the QCD axion, the presence of ultra-light ALPs (ULAs) can have a sizable and potentially measurable effect on cosmological large-scale observables. For instance, observations of the cosmic microwave background (CMB) anisotropy spectrum and large galaxy surveys have already been used to constrain ULAs, essentially excluding ULA masses within the range 10 −32 eV < m a < 10 −25 eV [36] [37] [38] [39] [40] . 1 Considering smaller (nonlinear) scales, comparisons of the observed Lyman-α flux power spectrum with predictions based on hydrodynamical simulations suggest an increased lower bound of m a 10 −21 eV [41, 42] . Even tighter constraints may be obtained by introducing additional assumptions, for instance, from the formation of solitonic cores in DM halos [43] or from the spin-down of super-massive black holes via superradiant instability [e.g., 44, 45] .
While it is well-known that observational bounds on isocurvature fluctuations in the axion field generated during inflation [46] constrain the pre-inflationary PQ breaking scenario [e.g., 47 -53], we will show in the present work that similar isocurvature constraints also apply in the post-inflationary PQ breaking scenario. To this end, we will consider the more general context of ALPs and assume that the vacuum realignment mechanism is the most relevant production mechanism of such particles in the early Universe. In addition to adiabatic modes, this scenario generically predicts cosmological isocurvature fluctuations that are characterized by a much steeper power spectrum than the usually assumed (nearly) scale-invariant spectrum produced during inflation. The origin of these isocurvature fluctuations is the large inhomogeneity of the ALP field between causally disconnected regions at the time when the field starts to oscillate and behaves as DM. By looking at their corresponding imprints on CMB temperature anisotropies and the matter power spectrum, we will be able to place constraints on large parts of the parameter space where such ALPs constitute the cosmic DM, thereby complementing existing and predicted bounds on ULA masses from current and future large-scale experiments, respectively. In particular, we will focus on constraints based on Planck data [5, 54] , and provide forecasts for next-generation CMB [e.g., 55, 56] and HI intensity mapping experiments such as the Square Kilometre Array (SKA) [57] [58] [59] .
This work is structured as follows: in section 2, we introduce our model for ALP DM in the context of post-inflationary PQ breaking. Assuming that ALPs are mainly produced through the vacuum realignment mechanism, we present estimates of the cosmological relic abundance as well as the initial power spectrum of isocurvature fluctuations. The latter's effect on CMB anisotropies and the matter power spectrum is discussed in section 3, and then used to derive strong limits on ULA DM based on current and future large-scale datasets in section 4. We conclude and summarize our findings in section 5. Throughout, we will assume a spatially flat reference cosmology based on [60] , adopting the total matter density parameter Ω m = 0.315, the baryon density parameter Ω b = 0.049, the amplitude A s = 2.215 × 10 −9 of the primordial adiabatic spectrum, its spectral index n s = 0.9603 (without running, i.e. α s = 0), the optical depth τ = 0.089, the dimensionless Hubble parameter h = 0.673, and the sum of neutrino masses m ν = 0.05 eV. Additional parameters relevant to our analysis will be introduced and specified below.
ALPs in the post-inflationary symmetry breaking scenario
In what follows, we consider the cosmological evolution of ALP fields in the post-inflationary PQ breaking scenario. Building on semi-analytical results obtained for the QCD axion in [34] , we adopt the harmonic approximation for the potential and focus on the vacuum realignment mechanism which constitutes a largely model-independent way of producing relic axions in the early Universe [21] [22] [23] [24] 61] .
A key difference between QCD axions and ALPs is that the latter do not necessarily exhibit a specific relation between mass, m a , and breaking scale, f a . Assuming that a potential for the ALP field a is generated by some exotic strongly interacting sector, we may write
where, in analogy to the instanton potential of QCD axions, Λ 4 takes the role of a topological susceptibility χ that is generally model-dependent and will be parametrized below. Hence, the ALP is characterized by two out of the three parameters f a , m a , and Λ. A crucial ingredient for the cosmological evolution of ALPs is the temperature dependence of its mass. For the QCD axion, this is fully determined by non-perturbative QCD effects [see, e.g., 62, 63] . For general ALPs, however, it depends on the specifics of the mechanism generating their mass. In the following, we will assume a power law that turns into the constant zero-temperature mass m a = Λ 2 /f a for low temperatures,
where the parameter b accounts for the possibility that the zero-temperature mass might not exactly be reached at T = Λ, but at
We will consider values in the range b 0.1-10. The parameter n ∈ R + controls how quickly the mass emerges. Choosing Λ = 75.5 MeV, b = 10, and n = 4, eq. (2.2) reproduces the m a (T )-behaviour for the QCD axion as obtained in [62] to good accuracy.
Cosmic evolution
The evolution of the (real) ALP scalar field in an expanding universe, expressed in terms of the angular field θ(x) = a(x)/f a , is governed by the action
where g is the determinant of the well-known Friedmann-Lemaître-Robertson-Walker spacetime metric g µν (with signature +2), and
is the temperature-dependent ALP potential. Variation of eq. (2.4) with respect to θ(x) yields the equation of motion,θ
where R is the cosmic scale factor, H =Ṙ/R denotes the Hubble parameter, dots correspond to derivatives with respect to time, and ∇ is defined with respect to comoving coordinates. At early times, well before matter-radiation equality, the contribution of ALPs to the total energy density budget of the Universe is minuscule, and we will assume that its impact on the cosmic expansion can be neglected. As usual, the field's energy density, ρ a (and similarly, its pressure) can be computed from the stress-energy tensor and is given by
The periodic form of the potential renders the cosmic evolution nonlinear and severely complicates its analysis. To make analytic progress, however, we assume that the potential may be approximated as V (θ, T ) m 2 a (T )θ 2 /2. Although this ignores potentially important effects such as the formation of strings and domain walls [64] or the emergence of very dense objects in the context of miniclusters [29, 30] , we will obtain useful estimates for ALP DM on the large scales relevant to cosmological probes. We further discuss this issue in section 2.4.
Within the harmonic approximation, eq. (2.6) expressed in Fourier space reduces tö 8) which is reminiscent of the damped harmonic oscillator. At high temperatures, the ALP field is essentially massless. Ignoring decaying solutions, we see from eq. (2.8) that θ k = const for superhorizon modes with ω k 3H. Upon entering the horizon, these modes will start oscillating. To characterize this transition, we introduce T osc as the temperature where the zero-mode starts to oscillate,
For all modes, the mass term will eventually dominate at late times, and the ALP energy density given by eq. (2.7) will behave like cold DM. The Hubble rate during radiation domination is given by 
Using that g * (T osc ) few and comparing with eq. (2.3), we see that for reasonable values of b and n, we have T osc /T 0 ∼ (M p /f a ) 1/(2+n) . Hence, the condition f a M P implies that the ALP field starts oscillating before reaching its zero-temperature mass. Therefore, the details of the temperature dependence are important and our results will depend to some extent on the parameters b and n. For our calculations, we solve eq. (2.9) numerically by interpolating the effective degrees of freedom tabulated as a function of temperature from [62] , extended to temperatures below MeV by using the results of [65] .
Relic density
To estimate the cosmological mean density, we note that contributions from modes with |k| = 0 will be quickly suppressed relative to the zero mode due to the factor R −2 appearing in ω 2 k . Considering only the zero mode (which is equivalent to dropping the gradient terms in the evolution equation), using a WKB ansatz allows one to obtain an approximate expression for the cosmic mean density valid for temperatures T < T osc [21] [22] [23] [24] [25] ,
where θ 2 ini = π 2 /3 is the mean value of θ 2 ini averaged over many different Hubble patches around T = T osc . A more rigorous approach is to directly solve the system given by eq. (2.8) for all relevant modes. Rewriting θ k (R) = θ i k f k (R), where θ i k is the initial value at time t i and f k (R) captures its evolution with f k (R i ) = 1, the mean energy density can be formally related to the field's initial power spectrum P θ (k), 13) where θ(x) is assumed as statistically homogeneous and isotropic,
and
The expression in eq. (2.13) is of the same parametric form as eq. (2.12), but replaces θ 2 ini = π 2 /3 with a proper weighted contribution of non-zero modes specified by P θ (k) [34] .
In the post-inflationary scenario, the ALP field θ will assume uncorrelated values in causally disconnected regions whereas the gradient terms in the evolution equation tend to equalize the value of θ inside the horizon [64] (see, e.g., [66] for recent simulations). This can be described by an initial power spectrum P θ (k) corresponding to a constant (i.e. white noise) for k < RH, whereas power for k > RH is suppressed. Here "initial" means shortly before the ALP field starts to oscillate. Following [34] , we choose an exponential shape for the power spectrum, P θ (k) ∝ exp(−k/Q) with Q = R i H(T = T i ), and set the initial time Shaded areas indicate constraints on the axion mass from the Lyman-α forest [41, 42] , solitonic core formation in Eridanus II [43] , and the spin-down of super-massive black holes via superradiant instability [45] . The latter constraint is only shown in the left panel as these bounds disappear for f a 10 16 GeV due to ALP self-interactions [44] .
to T i = 3T osc . The amplitude of the power spectrum for k Q is fixed by requiring that
To determine f k (t), we approach the equation of motion numerically. We use a realistic temperature dependence of g * from [62, 65] , and solve eq. (2.9) for temperatures from T i down to a few times less than T osc . This solution is then matched onto a WKB approximation for lower temperatures to factor out the fast oscillations of the axion field (see [34] for details). For a given temperature dependence of the ALP mass, we can calculate the energy density using eq. (2.13).
Requiring that ALPs provide all of the DM fixes f a for given values of m a . This is shown in the left panel of figure 1 for various choices of n and b = 1. Using the approximate formula for the energy density, eq. (2.12), we can qualitatively estimate the behaviour as
where we ignore a mild dependence of the proportionality constant on n. Considering the large-and small-n limit we find f a ∝ m for n 1. For the relevant region of parameter space, we see that T osc is always much larger than the temperature at matter-radiation equality, T eq ∼ few eV. Hence, the ALP fields becomes matter-like early enough to explain the DM in the Universe.
Initial isocurvature power spectrum
The random initial ALP field values in different Hubble patches will lead to large variations in the energy density. Qualitatively, we expect order-one density fluctuations between regions of the size of the horizon at the time when ALP DM is born, i.e. at T = T osc [28] . Densities in causally disconnected regions at that time will be statistically uncorrelated. Let us denote the comoving wave number corresponding to the horizon at T = T osc by
We then expect a constant power spectrum (white noise) of the ALP energy density for k < K, with a cutoff around k K. Hence, the dimensionless power spectrum, ∆ 2 , can be parametrized as
For C of O (1), the variance of the density fluctuations at scales comparable to the horizon at T osc is also of O(1). The shape of the power spectrum for k ∼ K will be complicated and depends on the details of the dynamics at temperatures around T osc . In the following, however, we will be interested in length scales much larger than the horizon at T osc , i.e. k K. Thus, we do not need to know the precise shape around the cutoff, and the parametrization eq. (2.17) will be an excellent approximation for the scales of interest. Typical values of K are shown in the right panel of figure 1 . During radiation domination, we approximately have R ∝ T −1 and H ∝ T 2 , and using eq. (2.16) yields K ∝ T osc . Therefore, K and T osc have the same dependence on m a , as is transparent from figure 1.
To estimate C, the normalization constant of the power spectrum, we proceed as follows. Using the result of [34] , the energy density power spectrum is obtained in terms of the ALP field's initial power spectrum as
with F (k, k ) given by eq. (2.14). Solving the ALP field's equations of motion to determine f k (t), we find that the power spectrum calculated according to eq. (2.18) becomes constant in time shortly after T osc , as soon as the mass term dominates over the k-term in eq. (2.14). Writing eq. (2.17) as P (k) = 2π 2 C/K 3 , we obtain C from the limit k → 0 in eq. (2.18). Depending on the parameters m a , f a , n, and b, we arrive at values 0.04 C 0.3. The important observation is that these density fluctuations are of isocurvature type since they arise only in the DM fluid. We will use that these fluctuations are also present at length scales relevant to CMB observations. As is seen from the right panel of figure 1 , the spectrum's cutoff scale is much larger than scales probed by the CMB, k CMB K. Since we are far away from the cutoff, the parametrization eq. (2.17) will give an accurate description of the isocurvature power spectrum. For given values of m a , n, and b (f a fixed by assuming that ALPs constitute all DM), we can predict the amplitude of the white noise power spectrum as outlined above, and test whether CMB observations are compatible with the presence of such an isocurvature component.
Assumptions and uncertainties
Harmonic approximation of the ALP potential. The assumptions and limitations of our approach are discussed in [34] . Let us briefly comment on the main uncertainties of our calculations and compare them to other studies in the literature. An important assumption is the harmonic approximation of the ALP potential which removes the periodic nature of the ALP field. Therefore, we neglect the formation of cosmic strings and domain walls as well as contributions to the ALP energy density from the decay of these topological defects shortly after the field starts oscillating. 2 These phenomena have been studied in some detail in the context of the QCD axion [see, e.g., 26, 27, 35, [66] [67] [68] . Although the contribution of topological defects to the energy density can be substantial, there is no general consensus on its quantitative size. This introduces an uncertainty of O(1) in our estimate of the ALP energy density.
Further, the nonlinear structure of the field may also play an important role in the power spectrum of density fluctuations. This has been recently studied in detail by numerical simulations including the full periodic axion potential [35] . Qualitatively, the picture obtained in this work agrees with the results of [34] for k K. In particular, it confirms the white noise power spectrum and supports our parametrization eq. (2.17), including the extrapolation to small k-values. Quantitatively, there are some differences regarding the value of the coefficient C appearing in eq. (2.17) . Choosing values for m a , n, and b that correspond to the QCD axion, our method yields C ≈ 0.15 − 0.16 whereas the analysis of [35] obtains C = 0.03 ± 0.01, approximately a factor 5 smaller than our semi-analytical result. We will use this as an estimate for the systematic uncertainty in our prediction for the amplitude of the isocurvature power spectrum. Below we will show results for C-values ranging from our estimate based on eq. (2.18) to values that are 5 times smaller.
Note that the model dependence of m a (T ) parametrized by b and n introduces an uncertainty of similar size or larger. Also, our choices of the cutoff Q in the initial power spectrum P θ (k) as well as of the initial time (T i = 3T osc ) are somewhat arbitrary and introduce further numerical uncertainties on the value of C (see [34] for a detailed discussion and some quantitative estimates). To summarize, although our method to compute the ALP energy density and the power spectrum is clearly approximate, it leads to an order-of-magnitude estimate consistent with numerical simulations. Given the even larger uncertainty due to the ALP model dependence, we thus proceed with our estimates.
Post-inflationary assumption. In our work, we always assume that the ALP field takes random values in causally disconnected regions at temperatures well above T osc . This implies that the PQ symmetry is broken after the end of inflation or restored at some point thereafter. The condition for this so-called post-inflationary scenario is [50] 
Here the Gibbons-Hawkings temperature is defined by T GH = H I /2π, where H I is the Hubble parameter during inflation, and T max = eff E I is the maximal temperature after inflation, with E I denoting the energy scale of inflation, and eff is a dimensionless efficiency parameter with 0 < eff < 1. Using
Under the assumption of slow-roll inflation driven by a single scalar field with canonical kinetic term, CMB data sets an upper limit on E I through the non-detection of primordial tensor modes, E I < 1.7 × 10 16 GeV (95% CL) [46] , which implies T GH < 1.1 × 10 13 GeV. Adopting this constraint, the left panel of figure 1 indicates that the condition f a < T max can be met in the relevant parameter region for m a 10 −19 eV, assuming eff 0.1. A less model-dependent bound on the scale of inflation has been derived in [69] using large-scale isotropy: H I < 10 −4 M P . This leads to upper bounds on T GH and T max about one order of magnitude larger than the ones quoted above.
In summary, the condition eq. (2.19) for the post-inflationary scenario can be satisfied under reasonable assumptions on inflation in the region of ALP parameters that are of interest to us. As this generally requires high values of E I , we expect relatively large tensor-to-scalar ratios in such scenarios, likely to be in the observable range in the near future (with some inflationary model-dependence).
3 Constraints from cosmic large-scale structure
Large-scale imprint of isocurvature fluctuations
Fluctuations in the ALP density will affect the initial conditions of structure formation and their subsequent evolution through gravitational instability. In what follows, we assume linear theory and focus on scalar perturbations to describe their imprint on CMB anisotropies and the matter power spectrum. The initial perturbations are set deep within the radiation era where all modes of interest are well outside the horizon. Adopting the comoving (total-matter) gauge, the standard initial conditions for adiabatic modes are related to the primordial spatial curvature perturbation, R, generated by inflation through [e.g., 70] As usual, we assume that ∆ 2 R takes the form of a nearly scale-invariant spectrum parametrized by
where the amplitude A s is defined with respect to the pivot scale k * = 0.05 Mpc −1 . In addition to the adiabatic mode, the breaking of the PQ symmetry after inflation will induce isocurvature perturbations in the ALP field (see section 2.3). These may be written in terms of an initial entropy perturbation, S a , defined relative to the photon component,
where we again assumed radiation domination, and the last step follows from the general isocurvature condition i δρ iso i = 0 [e.g., 70]. In eq. (3.4), we have also set w a ≈ 0, i.e. for the purposes of this work, we will use that the evolution of perturbations in the ALP field can be approximated by that of a cold DM component. Although changes in w a are important at very early times, the ALP field quickly adopts the behaviour of pressureless matter as soon as T T osc . If the oscillations commence sufficiently deep within the radiation era, ALPs can effectively be treated as a cosmic matter fluid, with initial conditions set by eqs. (3.1) and (3.4). Even so, the ALP field will exhibit an effective sound speed [71, 72] ,
that introduces a corresponding Jeans scale, k J , below which the evolution of ALP density perturbations significantly differs from standard cold DM. Therefore, we must additionally require k k J . Considering scales relevant to CMB observations, it turns out that both of the above criteria are already well satisfied for ALPs with m a 10 −24 eV [39, 40, 72] . Since the lower bounds on m a implied by the energy scale of inflation lie above this threshold (see section 2.4), our approximate treatment is justified.
As discussed in section 2.3, the initial isocurvature spectrum, ∆ 2 S , is then specified by eq. (2.17), where the cutoff at k ∼ K can be safely ignored for practical purposes and is formally shifted to infinity. 3 Hence the ALP DM isocurvature mode is completely characterized by the amplitude of ∆ 2 S which is commonly parametrized in terms of the entropy-to-curvature ratio, f iso , defined at the pivot scale,
In this work, we will derive constraints on f iso based on Planck observations [5, 54] and adopt the Fisher matrix formalism [73] to obtain forecasts for future CMB and 21-cm experiments. To solve the system of linearized Einstein and fluid equations, we use the publicly available Boltzmann solver CLASS [74] . An example of how the ALP isocurvature perturbations generated after inflation affect CMB anisotropies and the linear matter power spectrum (in comoving gauge) is depicted in figure 2 . The resulting spectra corresponding to adiabatic and isocurvature modes are shown as solid and dashed lines, respectively. Since the two modes are assumed to be uncorrelated for ALP DM, the total spectra are given by the sum of the individual ones. Generally, the imprint of isocurvature perturbations becomes more prominent with decreasing scale. For low-redshift observations such as galaxy surveys, nonlinearities in the gravitational interaction are already important for k 0.01h Mpc −1 , which complicates the interpretation of measurements and, most likely, dilutes the ALP signal. However, probes of the matter power spectrum at higher redshifts (e.g., during the epoch of reionization), where gravitational nonlinearities are much less developed, could provide interesting bounds on f iso in addition to CMB observations.
CMB experiments
Forecasts. The main CMB observables are the temperature (T ) and polarization fluctuations (E-and B-mode polarization) which emerge from the potential landscape and the anisotropy of Thomson scattering at the surface of last scattering, respectively. In what follows, we do not consider secondary anisotropies such as the Sunyaev-Zeldovich effect [75] or CMB lensing [e.g., 76] and the integrated Sachs-Wolfe effect [77] . Accordingly, we assume to have foreground-cleansed maps of the CMB that can be decomposed into spherical harmonics with coefficientsâ
where a X m denotes the signal, n X m the noise, and X = T, E labels the corresponding probe. Here we ignore B-modes as an additional probe since they only give rise to a tiny signal in the simplest inflationary scenarios and are primarily generated by CMB lensing. For Gaussian random fields, all statistical properties are encoded in the two-point correlation function,
To model the instrumental noise, we adopt the functional form
where θ beam is the beam width and σ 2 X is the noise of the measurement. The expected noise specifications for CMB stage IV (s4) experiments [56] are summarized in table 1.
Assuming Gaussian data and combining the information from all multipoles, the likelihood can be written as
where the a X m are assumed to be statistically independent. To obtain forecasts, it suffices to adopt the likelihood as given in eq. (3.9) from which the Fisher information matrix is readily obtained as [73] 
where hats indicate the inclusion of noise according to eq. (3.7), and ∂ i denotes the derivative with respect to the i-th parameter θ i . Partial sky coverage of the data is taken into account by multiplying eq. (3.10) with the sky fraction f sky . For CMB stage III (s3) experiments, we collect multipoles within the range = 30-2500, which is extended to = 5000 in both polarization and temperature for a CMB s4 survey. In both cases, the sky fraction is assumed as f sky = 0.7.
Planck data. Additionally, we fit the above model to the 2015 Planck data release [54] for which the likelihoods are publicly available. Compared to the latest data release [78] , we note only slight changes in the overall constraints on cosmological parameters. We use the Planck lite likelihood which fits the T T power spectrum in the multipole range = 30-2508. Planck lite is a pre-marginalized version of the T T likelihood where all nuisance parameters (modulo Planck's absolute calibration) have been marginalized over prior to sampling. This choice speeds up the analysis dramatically since the number of nuisance parameters is reduced to just one. To sample from the likelihood, we use MontePython [79] which is interfaced with CLASS and sampling techniques such as MultiNest [80, 81] and CosmoHammer [82] embedding EMCEE [83, 84] .
HI intensity mapping
Next-generation radio telescopes such as the SKA [57] [58] [59] are capable of probing fluctuations in the brightness temperature of the 21-cm neutral hydrogen line during the epoch of reionization with high sensitivity. At redshifts well before reionization is complete, the power spectrum of these fluctuations should provide a close tracer of the underlying matter power spectrum and its measurement offers cosmological constraints that are complementary to CMB and galaxy clustering observations. Reliably extracting the cosmological information from the 21-cm signal will be challenging due to foreground contaminants and other astrophysical complexities, and it is presently unknown how well these systematics will be under control [85, 86] . To estimate future 21-cm constraints on a possible ALP isocurvature mode, we focus on statistical uncertainties and consider an optimistic scenario where density fluctuations dominate the observed signal and all relevant astrophysical effects (including biases of the density field) can be accurately modeled or removed.
Assuming an average neutral hydrogen fraction x H ≈ 1 and a spin temperature T S T CMB , fluctuations in the 21-cm brightness temperature relative to the CMB at position r can be expressed as [e.g., 87 , 88] 11) where effects due to peculiar velocities have been neglected, δ is the matter density contrast, and T 0 denotes the average brightness temperature for x H = 1 and an observed (redshifted) frequency ν = Rν 0 ≈ 1420/(1 + z) MHz [88] ,
Using eq. (3.11), the corresponding power spectra are simply related by P 21 ≈ x 2 H P δδ . The expected error on measurements of P 21 (k, µ) for a single field at frequency ν = c/λ is given by a combination of cosmic variance and instrumental noise [89, 90] , 13) where µ is defined such that k = µk and k 2 = k 2 ⊥ + k 2 (only modes in the upper half-plane are considered). Here T sys describes the system temperature, D(z) is the comoving distance to the survey volume, ∆D denotes the survey depth, B is the bandwidth, and t int is the total observation time. The effective collecting area per antenna tile, A e , and the baseline density, n(k ⊥ ), depend on instrumentation and array design. The error on the spherically averaged power spectrum can be obtained from
where we choose a bin width ∆k = 0.5k and V s = D 2 ∆Dλ 2 /A e is the effective survey volume. For our calculations, we approximate the sum in eq. (3.14) by an integral. Assuming that T sys is set by the sky temperature, we take T sys ≈ 280[(1 + z)/7.5] 2.3 K [91] . In addition, we fix B = 8 MHz to ensure a sufficiently small signal variation over the corresponding redshift range. The depth ∆D depends on B and may be estimated from [92] . In the continuous approximation, n(k ⊥ ) follows from a convolution of the antenna configuration. For simplicity, we assume a circularly symmetric array with constant baseline density up to a maximum baseline r max , 16) and zero otherwise, where u is the dimensionless baseline vector in visibility space, satisfying |u| = k ⊥ D(z)/2π, and N a is the total number of antennae. Setting r max = 1 km, we obtain an average sensitivity ∼ 0.9, which is in good agreement with typically adopted specifications [92, 93] . The discrete nature of the array configuration prohibits measurements for arbitrarily small baselines. For an SKA-like survey, we choose a minimum baseline r min = 35 m. Below we will consider two different stages of an SKA-like experiment. For an idealized SKA1 setup targeting redshifts z 6, we take N a = 900, and we assume that this number Table 2 . Parameters used in the Fisher forecasts outlined in sections 3.2 and 3.3. Shown are the marginalized 1σ-errors of each parameter for the experiment(s) given in the first column. For both SKA1 and SKA2, we assume single-field observations at z = 8 and t int = 2000 h. As described in the text, the reference model adopts x H = 1 and f iso = 0.005, other fiducial values are summarized at the end of section 1.
further increases to N a = 3600 in an SKA2 phase [92] . To account for foregrounds, we follow previous works [e.g., 88, 90] by imposing a lower bound on the observable wavelengths. The cleaning process relies on the expectation that foregrounds are spectrally smooth, whereas the signal has structure in frequency space. At the very least, this will remove all line-of-sight modes with k ≤ 2π/∆D. From the discreteness of modes in the survey it then follows that all modes satisfying k ≤ 2π/∆D (3.17)
will be lost. Considering a fiducial survey volume at z ∼ 8 and restricting the analysis to linear modes, significant constraints on the matter power spectrum are typically obtained for k ∼ 0.1-1h Mpc −1 . Concerning the computation of the Fisher matrix, we assume measurements in seven non-overlapping bins covering the range k ≈ 0.08-2.7h Mpc −1 , with ∆k as specified above. Since the CMB probes the power spectrum at much larger scales, the corresponding likelihoods may simply be added to arrive at combined forecasts.
Results
In this section, we discuss forecasts on constraints from CMB anisotropies and HI intensity mapping on the isocurvature amplitude, as well as bounds based on current Planck data (section 4.1). These are then converted into constraints on ALP masses (section 4.2). Regarding our analysis, we will adopt two cosmological models, one for the Fisher forecasts specified by a total of ten parameters (listed in table 2) , and a standard flat six-parameter cosmological model (ΛCDM) extended by f iso and used to fit the Planck likelihood described in section 3.2.
Bounds on the isocurvature amplitude
Concerning forecasts based on the Fisher matrix formalism, we consider the set of parameters presented in table 2. In particular, these refer to the spectral index of the primordial power spectrum, n s , its running α s and amplitude A s (defined at the pivot scale k * = 0.05 Mpc −1 ), the sum of neutrino masses m ν , the Hubble constant H 0 = 100h km s −1 Mpc −1 expressed in terms of the dimensionless Hubble parameter h, the optical depth τ , and the baryon and total matter density parameters Ω b and Ω m , respectively. Further, f iso describes the relative amplitude of isocurvature fluctuations as defined in eq. (3.6), and x H is the neutral hydrogen fraction that enters in the analysis of 21-cm experiments discussed in section 3.3. Note that the ALP DM density parameter Ω a in presence of neutrinos is given by For our reference model, we set x H = 1 and f iso = 0.005. The small, but non-zero value of f iso is chosen to avoid numerical issues in the computation of the Fisher matrix and should be understood as a proxy for a vanishing isocurvature component. The fiducial values of all remaining cosmological parameters can be found at the end of section 1.
Focusing on the parameters f iso , n s , α s , and m ν , figure 3 shows the resulting marginalized 1σ-contours for CMB s3 and s4 experiments as well as for their combination with the idealized 21-cm surveys from section 3.3. For both SKA1 and SKA2, we assume single-field observations at z = 8 and a total observation time t int = 2000 h, which roughly translates into a 2-year measurement period. The corresponding 1σ-constraints for all parameters and the same combinations of experiments are summarized in table 2. From the figure, we clearly see that the constraints on f iso are greatly improved when considering a CMB s4 experiment alone. This is in large part due to the drastically increased sensitivity of these experiments in polarization measurements. Also, the general trend of tighter bounds from future surveys can be understood from their improved ability to probe higher wave numbers where the imprint of the ALP isocurvature mode becomes more pronounced (see section 3.1). As we will discuss in the context of Planck data below, the condition f iso ≥ 0 hampers a straightforward interpretation of the inferred f iso -errors from the Fisher analysis in terms of usual confidence intervals. Therefore, the quoted uncertainties on f iso should be taken as rough estimates. Looking at figure 3, we further notice degeneracies between f iso and other parameters that determine the shape of the matter power spectrum. While the resulting degeneracy with the sum of neutrino masses appears to be very weak, it is found to be quite appreciable for the two shape parameters n s and α s . Interestingly, combining CMB observations with HI intensity mapping experiments can break these degeneracies to some extent. In general, we see that the addition of 21-cm observations significantly tightens the constraints on f iso . Considering our estimates for the SKA2 survey, the bound is reduced by another factor of 5 compared to a pure CMB experiment, resulting in the limit f iso ≤ 0.016. Other constraints could come from even smaller scales or, for instance, from weak lensing analyses. However, this would require a thorough understanding of the evolution of isocurvature fluctuations on scales that are already in the nonlinear regime of structure formation.
Finally, we study constraints on f iso based on the Planck 2015 data. To this end, we fit a standard 6-parameter ΛCDM model extended by f iso to the temperature power spectrum as described in section 3.2. The results are presented in the left panel of figure 4 where we plot the marginalized posterior distribution of f iso . It is found that Planck yields a 2σ-bound of f iso ≤ 0.31. In the right panel of figure 4 , we illustrate the impact of reducing the model's parameter space in the Planck data analysis. Omitting the spectral running, α s , and the sum of the neutrino masses, m ν , tightens the posterior slightly and leads to a small improvement of the constraints. A few comments on these two plots are in order. The constraints from Planck outperform the CMB s3 forecast even if α s and m ν are not marginalized over. The reason for this is that we evaluate the Fisher matrix in a region where the curvature of the log-likelihood is relatively small since f iso is bounded by zero. Therefore, the actual posterior distribution is very asymmetric and turns very flat towards zero. Hence, the constraints derived from the Fisher matrix turn out weaker. Note that the addition of the E-mode spectrum in the forecasts, which is not included in the Planck lite likelihood, yields only small changes in the constraints due to the high noise levels assumed for CMB s3 polarization measurements. It is interesting to compare our results to the isocurvature bounds obtained by the Planck collaboration [46, 94] . Their analysis uses different models to constrain the isocurvature component. The most general one assumes a free power law for the isocurvature, adiabatic and cross fluctuations. The power law is constructed between k = 0.002-0.1 Mpc −1 , i.e. over scales accessible to Planck. For these models, it is found that β ≤ 0.37 at k * = 0.05 Mpc −1 , where β ≡ f 2 iso /(1 + f 2 iso ). Our bound f iso ≤ 0.31 corresponds to β ≤ 0.088. Since the model presented here consists of fewer parameter (in particular, the slope of the isocurvature power spectrum is fixed by the ALP model), these estimates appear consistent with each other. A specific axion model with fixed primordial tilt (spectral index) n iso s = 1 and free amplitude is considered in [94] , leading to β 0.04. This model, however, requires PQ symmetry breaking before the end of inflation, in contrast to our assumption. Similarly, axion models with free spectral tilt [46] cannot be directly compared to our case (where n iso s = 4 is fixed).
Implications for ALP masses
Using our prediction for the ALP isocurvature power spectrum eq. (2.17) and the parametrization of the adiabatic spectrum in eq. (3.3), we can relate the value of f iso to the underlying ALP parameters,
where the values of C and K are calculated as described in section 2. Assuming the fiducial value A s = 2.215 × 10 −9 , we see that the isocurvature fraction on CMB scales becomes of order one for K/k * ∼ (A s /C) −1/3 ∼ 1000.
In figure 5 , we show the predicted values of f iso as a function of the ALP mass m a for different assumptions on the mass-temperature dependence m a (T ). The width of the bands Figure 6 . Constraints on the zero-temperature ALP mass m a from isocurvature fluctuations for different assumptions on the mass-temperature dependence by n and b as defined in eq. (2.2). ALPs are assumed to provide all DM. Solid curves correspond to our estimate of the isocurvature amplitude, and bands between solid and dashed curves indicate a factor 5 uncertainty. The left panel corresponds to f iso < 0.31 (2σ-level) from Planck. The middle and right panels show, respectively, potential bounds assuming 1σ-sensitivities of a future CMB s4 experiment (f iso < 0.067) and its combination with an SKA2-like 21-cm survey (f iso < 0.016). The region below the curves is disfavoured.
indicates a factor 5 systematic uncertainty in predicting the amplitude, i.e. the constant C in eq. (4.2), as we discussed in section 2.4. The qualitative behaviour of these curves follows from the K-dependence shown in the right panel of figure 1 since, up to a minor dependence on C, we roughly have f iso ∝ K −3/2 from eq. (4.2). From the estimates in section 2.1, we, therefore, expect that f iso ∝ m
) in the small-n (large-n) limit, in good agreement with the figure.
For m a 10 −16 eV, we observe from figure 5 that the amplitude of isocurvature fluctuations with k ∼ k * can become comparable to the adiabatic modes and, therefore, relevant to CMB observations. The predicted values of f iso are compared to the CMB bounds implied by Planck, as well as the sensitivity of future CMB s4 and 21-cm experiments. In the regions of parameter space where, the predictions for f iso exceed the Planck constraint f iso < 0.31, the assumption of post-inflationary ALP DM is excluded at the 2σ-level. This excluded region is illustrated in the left panel of figure 6 . The exclusion is stronger for large values of n and small values of b. For n = 10, we see that values of m a 10 −17 eV are excluded. Even in the small n-limit, the non-trivial exclusion for m a 10 −20 eV is obtained, somewhat stronger than constraints obtained from the Lyman-α forest [41, 42] . Note that our bounds on ULAs extend to much larger masses than the ones obtained from CMB and large-scale structure data in [36] [37] [38] [39] [40] , but rely on the post-inflationary hypothesis.
The middle panel of figure 6 shows the potential improvement corresponding to a sensitivity f iso < 0.067 (1σ-level) for a future CMB s4 experiment. We observe that the exclusion limits on m a become roughly one order of magnitude stronger. Finally, the right panel corresponds to the limit f iso < 0.016 (1σ-level), potentially achievable with the combination of CMB s4 experiments and advanced 21-cm observations based on an optimistic SKA2 configuration, which would lead to another order of magnitude improvement in m a . In the most optimistic case, a limit of m a 10 −14 eV could be achieved while a more robust bound (with respect to the mass-temperature dependence) is m a few × 10 −19 eV.
Discussion and conclusion
In this paper, we investigated mass bounds on ALP dark matter derived from observations of the large-scale structure of the Universe. If the PQ symmetry is broken after inflation, additional isocurvature fluctuations are generated on top of the adiabatic spectrum. These isocurvature fluctuations have a white noise power spectrum, with a cutoff corresponding to the size of the horizon at the time when the ALP field starts to oscillate. By requiring that the ALPs provide all DM, we derived the amplitude of the isocurvature fluctuations relative to the adiabatic component as a function of the ALP model parameters. In our analysis, we used the following model assumptions: a) We assume a two-parameter model for the mass-temperature dependence of ALPs given by a power law with index n, and a parameter b that determines the temperature at which the zero-temperature mass is reached.
b) We use the harmonic approximation of the ALP potential and assume that the DM energy density is generated by the realignment mechanism. This introduces uncertainties in our calculation of the DM density and the amplitude of isocurvature fluctuations. However, the overall uncertainties are dominated by the ALP model dependence in assumption a).
c) The PQ symmetry is broken after the end of inflation. For very small ALP masses, this requires relatively high values of the energy scale of inflation. Generically, this could give rise to tensor-to-scalar ratios in the observable range. A more thorough discussion of this condition is presented in section 2.4.
d) The cosmological evolution of ALPs can effectively be treated as cold DM and the imprint on large-scale structure is determined by their initial power spectrum. For the ALP mass range and the cosmological scales considered here, this assumption is well justified.
With these assumptions, we were able to derive constraints on the ALP mass for different models of the mass-temperature dependence. In particular, we focused on observations probing linear scales given by CMB and HI intensity mapping experiments. Our findings are the following: i) CMB observations by the Planck satellite set a lower bound on the ALP mass ranging from 10 −20 eV for very shallow mass dependences to 10 −16 eV for very steep ones. The limits are generally tighter for small values of b.
ii) CMB s4 experiments will improve these limits by roughly one order of magnitude due to the increased sensitivity in polarization measurements at high multipoles.
iii) Adding HI intensity mapping in the form of an SKA2-like experiment could further boost these limits by an additional order of magnitude, providing a limit of m a ≥ 10 −14 eV in the most optimistic scenario.
Our results are complementary to other works [36] [37] [38] [39] [40] [41] [42] . Typically, our derived limits are stronger, but rely on the assumptions summarized above (in particular, the post-inflationary scenario). While isocurvature constraints are already well established in the pre-inflationary axion scenario, our analysis has shown that also in the post-inflationary case, isocurvature fluctuations are a robust prediction of ALP DM models and lead to powerful constraints.
Note that our results are based only on gravitational effects and do not require assumptions about possible couplings to photons.
Concerning assumption b), let us mention that including the full ALP potential will give rise to an additional production mechanism from cosmic strings. This may change the energy density and the amplitude of isocurvature fluctuations by factors of order unity. However, it is expected that the main feature of the scenario, namely a white noise isocurvature power spectrum at large distance scales, is a robust prediction.
Important questions in the future concern the cosmological evolution of miniclusters, especially in the nonlinear regime of structure formation and for scales and masses where they cannot necessarily be treated as cold DM. While the observations considered here focused on linear scales, nonlinear scales might provide an additional rich phenomenology for ALPs.
